An analytical theory is developed for an oscillating water column (OWC) with a V-shaped channel to improve the pneumatic efficiency of wave energy extraction. An eigenfunction expansion method is used in a cylindrical coordinate system to investigate wave interaction with the OWC converter system. Auxiliary functions are introduced to capture the singular behaviours in the velocity field near the salient corners and cusped edges. Effects of the OWC dimensions, the opening angle and length of the V-shaped channel, as well as the incident wave direction, on the pneumatic efficiency of wave energy extraction are examined. Compared with a system without the V-shaped channel, our results show that the V-shaped channel can significantly increase the conversion efficiency and widen the range of wave frequency over which the OWC system can operate at a high efficiency. For typical coastal water depths, the OWC converter system can perform efficiently when the diameter of the OWC chamber is in the range of 1 5 -1 2 times the water depth, the opening angle of the V-shaped channel is in the range of [π/2, 3π/4] and the length of the V-shaped channel is in the range of 1-1.5 times the water depth.
An analytical theory is developed for an oscillating water column (OWC) with a V-shaped channel to improve the pneumatic efficiency of wave energy extraction. An eigenfunction expansion method is used in a cylindrical coordinate system to investigate wave interaction with the OWC converter system. Auxiliary functions are introduced to capture the singular behaviours in the velocity field near the salient corners and cusped edges. Effects of the OWC dimensions, the opening angle and length of the V-shaped channel, as well as the incident wave direction, on the pneumatic efficiency of wave energy extraction are examined. Compared with a system without the V-shaped channel, our results show that the V-shaped channel can significantly increase the conversion efficiency and widen the range of wave frequency over which the OWC system can operate at a high efficiency. For typical coastal water depths, the OWC converter system can perform efficiently when the diameter of the OWC chamber is in the range of 
Introduction
It is well known that about 71% of the Earth's surface is covered by the oceans and the wave motion in the ocean stores up a tremendous amount of energy. The first wave energy converter (WEC) for extracting power from ocean surface waves might have been designed by Girard as early as 1799 [1] ; a large number of subsequent studies on WECs began in the early 1970s under the impact of the oil crisis. Among many WECs that have been proposed, the most widely studied fall into two major types [2] [3] [4] : point absorbers, which are more suitable for ocean waves of relatively high frequencies, and oscillating water column (OWC) converters, which are more efficient for ocean waves of moderate frequencies. A typical OWC-type WEC is composed of an air chamber and one or more turbines installed in the air chamber. Under the action of incoming waves, the water surface inside the air chamber moves up and down, inducing a variation in air pressure inside to force the turbines to rotate and converting wave energy to useful energy.
Early theories for simple two-dimensional OWC-type WECs focused on the cases where the size of the air chamber is small relative to wavelength and the water surface inside can be considered as a weightless piston; the determination of the hydrodynamic behaviours of OWCtype WECs was performed then by the theory of ships [5] . However, when the air chamber is not small compared with the wavelength, the water surface inside cannot be simply treated as a weightless piston and the spatial variation should be considered [6] . With the assumption of incompressible air inside the chamber, Evans [6] derived a reciprocal relationship between the air pressure inside the chamber and the diffraction properties, and a general expression for timeaveraged power output was also presented. Sarmento & Falcão [7] first considered the effects of air compressibility by neglecting the wave diffraction due to the immersed part of the structure. An isolated axis-symmetric OWC with a linear turbine in the open sea was considered by Evans & Porter [8] , who used a truncated hollow circular cylinder to model the system and neglected the incompressibility of the air inside the chamber.
For the sake of construction and maintenance of the structure and the transmission of energy, it may be beneficial for some OWC-type WECs to be integrated with breakwaters or installed at clifflike coasts. For instance, Martins-Rivas & Mei [9, 10] considered a single OWC installed at the tip of a long and thin breakwater or along a straight coast. With the help of the method of eigenfunction expansions and integral equations, Lovas et al. [11] studied a large circular OWC-type WEC installed at the tip of a wedge-like coast, and examined two special cases: one an OWC-type WEC at a convex corner (i.e. the angle of coastline equals to 3π/2), and the other an OWC-type WEC at a concave corner (i.e. the angle of coastline equals to π/2). Deng et al. [12] considered a near-shore OWC-type WEC supported by a coaxial tube-sector-shaped structure; they examined the effects of the size of the opening beneath the air chamber on the optimum absorption efficiency.
Physically, the behaviours in the velocity field near the salient corners or cusped edges are singular, as indicated in [13, 14] . Mathematically, if we directly match eigenfunction expansions at these places, there are numerical difficulties [15, 16] . To handle these singularities in the velocity field, Porter & Evans [15] , Fernyhough & Evans [17] , Chang et al. [18] and Deng et al. [12] introduced auxiliary functions to represent the unknown radial velocities on the common interfaces, which involve singular behaviours at incontinuous tips or corners.
In this paper, as an important extension to the work of Deng et al. [12] , two bottom-mounted plates of the same length, forming a V-shaped channel, are attached to the circular OWCtype WEC supported by a coaxial tube-sector-shaped structure. This study investigates the performance of the WEC installed at a certain distance away from the shoreline. It is anticipated that the V-shaped structure can increase the amplitude of waves at the WEC and thus can significantly raise the conversion efficiency of the WEC.
Mathematical formulation
The OWC WEC considered in this study is shown in figure 1 . A circular OWC device of radius a is installed in water of constant depth h and supported by a coaxial tube-sector-shaped structure of the same radius. Two bottom-mounted thin plates of the same length b are attached to the circular OWC, forming a V-shaped channel of an opening angle 2β. and the distance from the tip of the V-shaped channel to the axis of symmetry of the circular OWC chamber is c. As shown in figure 1b, two small arcs of the same length (equivalent to an arc-angle of γ ) are added to the ends of the two plates forming the V-shaped channel; this is to avoid the mathematical singularity at the tips of the two thin plates. It is further assumed that a linear power take-off (PTO) device (e.g. a linear Wells turbine) is installed at the top of the OWC chamber for energy extraction, and the thicknesses of the supporting structure, the OWC chamber wall and the plates are all thin and are set to zero in developing the theory. We remark that the two small arcs at the ends of the V-shaped channel have no engineering importance and the design engineer does not need to install these little pieces.
To mathematically describe the problem, let us first define a Cartesian coordinate system Oxyz with the still water surface being its Oxy plane. As shown in figure 1 , the axis of symmetry of the OWC goes through the origin, the z-axis points vertically upwards, and the x-axis is overlapped with the line of symmetry of the V-shaped channel. The direction of the incident waves is specified by the angle θ = α with respect to the positive x-axis. The angles of the two vertical plates with respect to the x-axis are β and −β, respectively.
In order to apply eigen-expansion methods, it is convenient to establish a cylindrical coordinate system Orθ z with its origin and z-axis coinciding with those of the Cartesian coordinate system Oxyz. In the cylindrical coordinate system, the opening of the coaxial tubesector-shaped structure occupies the space defined by r = a, −β ≤ θ ≤ β, −h ≤ z ≤ −d. Given the geometrical properties of the OWC converter, it is conventional to divide the total domain into the following four sub-domains, as shown in figure 1b:
For infinitesimal waves with a time factor e −iωt , where ω is the wave angular frequency, the relative pressure P a (t) in the air chamber can be expressed as
where p a is the complex-valued amplitude and the operator yields the real part of the term between the curly brackets. After assuming that water is inviscid and incompressible and the linear wave motion is irrotational, the flow field can be described by a velocity potential Φ(x, y, z, t) = {φ(x, y, z) e −iωt } [19] , where φ(x, y, z) is the complex-valued amplitude of the velocity potential and satisfies the 
and ∂φ ∂n = 0, on all rigid boundaries, (2.4) where ρ is the density of sea water and ∂/∂n denotes the normal derivative at a rigid boundary. Furthermore, the radiation condition is applied at r → ∞.
For the linear boundary-value problem above, the velocity potential can be decomposed into two parts
where ψ is the complex amplitude of the velocity potential for the waves diffracted by the structure (in the absence of air pressure fluctuation inside the chamber), and ϕ is the complex amplitude of the velocity potential for the radiated waves generated by the air pressure fluctuation inside the OWC chamber (in the absence of the incident waves). The coupling of ψ and ϕ is achieved through the PTO model described later.
Power take-off model
In order to calculate the optimum extraction efficiency of an OWC device, let us recall the known relationship between a linear PTO device and key hydrodynamic parameters, first proposed by Sarmento & Falcão [7] . It is assumed that the air pressure inside the chamber is spatially uniform owing to the high-speed sound and the low-frequency ocean waves [9] . The mass flux through the linear turbine (e.g. a Wells turbine) is proportional to the difference between the air chamber pressure P a (t) and the atmospheric pressure outside (P 0 = 0) [6] . Following Sarmento & Falcão [7] and Falcão & Rodrigues [20] and assuming linear water waves, the mass flux of the air through a linear turbine is related to the turbine characteristics by
where M(t) and ρ a (t) are, respectively, the instantaneous mass and density of the air inside the air chamber, V(t) is the instantaneous air chamber volume, ρ 0 a is the air density in calm conditions, V 0 is the undisturbed air chamber volume,K is a dimensionless damping coefficient depending only on the geometry of the linear turbine, D is the outer diameter of the turbine rotor andN is the angular rotational speed of the turbine blades (radians per unit time). Physically, dV/dt is the rate of change of the total volume of the air inside the OWC chamber, calculated by
where w denotes the vertical velocity of the water surface inside the OWC chamber.
Assuming that the air is ideal and the process of air compression is isentropic [20, 21] , the following relationship between the density and pressure of the air holds:
where c a is the sound speed in air at a constant temperature. For a time-harmonic motion, Q = {q e −iωt }, where q is the complex amplitude of the volume flux; after combining equations (3. .2) and using equation (3.3) , the complex amplitude of the volume flux q can be expressed as
In view of equation (2.5) , the amplitude of volume flux can be decomposed into the contribution from the scattered waves (q S ) and the contribution from the radiated waves (q R ), i.e.
Following Martins-Rivas & Mei [9] , a diffraction flux factor Υ for unit wave amplitude is defined by q S = Υ A, (3.6) where A is the incident wave amplitude. According to Evans [6] , the complex radiation flux amplitude q R can be written as
where the real coefficients B and C represent the radiation conductance and radiation susceptance (see also [3] ), respectively. The wave power extracted by the WEC is defined by the time-averaged rate of work done by the air pressure in the air chamber pushing or inhaling air through the linear turbine, namely
Let us use the concept of capture length to evaluate the efficiency of power absorption. The capture length L is defined as the ratio of the extracted power flux P out to the wave power per unit crest length of the incident waves, which is ρgA 2 C g /2 for progressive waves of amplitude A and group velocity C g . After combining equations (3.4)-(3.7) and then using the definition of the capture length, the following dimensionless capture length kL can be obtained (see also Lovas et al. [11] ):
where k is the wavenumber of the incident wave. The parameters χ and κ are given by
Physically, the parameter χ characterizes the turbine system and the parameter κ represents the effects of chamber size and air compressibility. The other dimensionless parameters are given bỹ 11) whereB is the dimensionless radiation conductance,C is the dimensionless radiation susceptance andΓ is the dimensionless diffraction flux factor. In order to evaluate the extraction efficiency, the scattering and radiation problems must be solved first before we can compute the parameters |Γ | 2 ,B andC.
Wave scattering problem
To study the scattering of waves by the WEC, the pressure inside the chamber is set to constant atmospheric pressure, which is conventionally taken to be zero. Therefore, the complex amplitude ψ satisfies the equation and boundary conditions given by equations (2.2)-(2.4) with p a = 0, as well as the radiation condition at r → ∞. all free surfaces, the vertical variation of ψ can be represented as a linear combination of vertical eigenfunctions Z l (z), l = 0, 1, 2, . . ., given by
and
Here, k is the positive real root of the following dispersion relationship for progressive waves:
and k l , l = 1, 2, 3, . . . are the positive real roots of the following dispersion relation for evanescent waves:
The functions Z l , l = 0, 1, 2, . . . form a complete set of orthogonal functions over [−h, 0] [19] , i.e.
where
(a) Formal expressions for the complex amplitudes of the diffraction potentials in different sub-domains
Referring to figure 1, the complex amplitudes of ψ in the four sub-domains are ψ 1 for sub-domain (1), ψ 2 for sub-domain (2), ψ 3 for sub-domain (3) and ψ 4 for sub-domain (4). The complex amplitude ψ 1 , which is defined on r > c, 0 ≤ θ < 2π and −h ≤ z ≤ 0, can be further written as the sum of the following two parts:
where ψ D 1 is the solution corresponding to the waves scattered by an imaginary solid cylinder of radius c extending through the entire depth, and ψ cor 1 is a correction potential to ψ D 1 owing to the opening at r = c.
For a train of incident waves of a single frequency ω, arriving from an angle α with respect to the x-axis, as shown in figure 1b, the complex amplitude of the incident velocity potential can be written as [19] and ε 0 = 1 and ε m = 2 for m ≥ 1. Following Mei et al. [19] , the complex amplitude ψ D 1 can be expressed in the following form: The correction potential ψ cor 1 , which satisfies the free surface condition, equation (2.3), and the bottom condition at z = −h, can be formally written as
where K m represents the modified Bessel function of the second kind of order m, A ml and B ml are unknown coefficients to be determined, and
Adding equations (4.10) and (4.11) gives the complex amplitude ψ 1
The complex amplitude ψ 2 , satisfying the free surface condition equation (2.3) and the no-flux conditions at rigid boundaries, can be formally written as 14) where I m denotes the modified Bessel function of the first kind of order m, C ml and D ml are unknown coefficients, and μ = π/(2β). Note here that I m is unbounded as r → ∞, while K m is unbounded as r → 0 [22] . Hence, in view of the range of radial direction r in the sub-domain (2), both I m and K m should be included in the expression for the complex amplitude ψ 2 (see also [23] ). The above expression also satisfies the boundary conditions at the two vertical plates (i.e. at θ = −β and β); see also Chang et al. [18] . Similarly, by the requirement of boundedness, the complex amplitude ψ 3 can be written in the following form:
where E ml and F ml are unknown coefficients, and
The complex amplitude ψ 4 can be written as
where G ml are unknown coefficients and ν = π/2(π − β). Note that the above expression for ψ 4 satisfies the no-flux condition on the surface of r = a and at both θ = β and 2π − β. Meanwhile, it is easy to find that the above expression is bounded in sub-domain (4) shown in figure 1.
(b) Treatment of singularities at sharp corners
Referring to figure 1, there exist the following three common boundaries:
-The first common boundary defined by r = c, −β < θ < β, −h < z < 0.
-The second common boundary defined by r = c, β On each common boundary, there exist singularities at sharp corners either in the z-direction or in the θ -direction or both: the singularity of the flow at r = a or c with θ = −β or β behaves like (θ ± β) −1/3 ; the singularity of the flow at r = c with θ
; the singularity of the flow at r = a with z = −d behaves like (z + d) −1/2 [13, 14] . To handle the aforementioned singularities, we adopt the methods employed by Porter & Evans [15] , Fernyhough & Evans [17] , Chang et al. [18] and Deng et al. [12] , and introduce the following auxiliary functions to represent the unknown radial velocities on the three common boundaries:
-U 1 (θ , z) for the first common boundary; -U 2 (θ , z) for the second common boundary; -U 3 (θ , z) for the third common boundary.
To speed up the convergence in numerical computations, we choose to include the singularities in both the θ -and z-directions in the expressions for the auxiliary functions, and formally expand the auxiliary functions (U 1 , U 2 and U 3 ) as follows:
which have included singularities in both the θ (azimuthal) and z (vertical) directions. The functions f
where C v n denotes the Gegenbauer polynomial of order n, T n is the Chebyshev polynomial of order n, T * p is the shifted Chebyshev polynomial of order p and Γ is the gamma function [22] . The unknown coefficients Λ np , σ np and ξ np are to be determined later.
The coefficients in diffraction potentials, A ml through G ml , are determined by requiring that the radial velocities must be continuous on all common boundaries, i.e. 
We can follow the procedures listed below to express all the unknown coefficients in the diffraction potentials (i.e. A ml through G ml ) in terms of Λ np , σ np and ξ np : Since the pressure must also be continuous on all common boundaries, we have
and algebraic equations for Λ np , σ np and ξ np , the auxiliary functions (U 1 , U 2 and U 3 ), the unknown coefficients in diffraction potentials (A ml through G ml ) and the dimensionless diffraction flux factor given below can be calculated
Wave radiation problem
We now consider the wave radiation problem in the absence of incident waves. The fluctuation of the air pressure in the OWC chamber P a (t) can radiate waves outwardly. The complex amplitude of the radiated velocity potential, ϕ, satisfies the governing equation and boundary conditions given by equations (2.2)-(2.4) as well as the radiation condition at r → ∞.
(a) Formal expressions for the complex amplitudes of the radiation potentials in different sub-domains
Similar to the wave scattering problem, it is convenient to study the radiation potentials in the four sub-domains shown in figure 1b. The complex amplitudes in sub-domains (1), (2) and (3), denoted by ϕ 1 , ϕ 2 and ϕ 3 , respectively, are symmetric about θ = 0 and can be formally written as
where μ = π/(2β). The unknown coefficients A ml , B ml , C ml and D ml are to be determined by matching conditions later. We remark that the above expression for ϕ 2 satisfies the rigid boundary conditions at θ = −β and β. The last term in equation (5.3) is to satisfy the inhomogeneous free surface condition equation (2.3). In sub-domain (4), the complex amplitude ϕ 4 is symmetric about θ = π and can be written as
where E ml are unknown coefficients and ν = π/2(π − β). The above expression for ϕ 4 satisfies the rigid boundary conditions at r = a and θ = β, 2π − β.
(b) Treatment of singularities at sharp corners
Similar to the treatment of the singularities for the wave diffraction problem, we introduce the following three auxiliary functions to represent the radial velocities on the following three common boundaries:
for the boundary defined by r = c and −β < θ < β, (ii)Ũ 2 (θ , z) for the boundary defined by r = c and β + γ < θ < 2π − β − γ , and (iii)Ũ 3 (θ , z) for the boundary defined by r = a and −β < θ < β. To include the corresponding singularities in the expressions for these three auxiliary functions,
The functionsf (1) n (θ ) andf (2) n (θ ) are given bỹ
where C 1/6 2n (n = 0, 1, 2, . . .) are Gegenbauer polynomials of order 2n and T 2n (n = 0, 1, 2, . . .) are Chebyshev polynomials of order 2n. Owing to the symmetric properties of the radial velocities, we use Gegenbauer and Chebyshev polynomials of even orders to expand the unknown radial functions, which are different from those used in equations (4.20) and (4.21) for the wave scattering problem. We stress here that the singularities at the tips of the structure have been included in the above expansions.
(c) Coefficients in the radiation potentials: A ml through E ml Continuity of the radial velocities on the common boundaries among the four sub-domains requires
12)
(5.14)
We can determine the coefficients in radiation potentials (A ml through E ml ) by using the fact that both cos mθ and Z l (z) are complete sets of orthogonal functions. Similar to the diffraction problem, we can follow the procedures listed below to express the unknown coefficients in radiation potentials (A ml through E ml ) in terms of Λ np , σ np and ξ np . To determine the coefficients of Λ np , σ np and ξ np for the radiation problem, we make use of the continuity of pressure across the common boundaries among the four sub-domains
and n (θ )T p (z)/h, integrate with respect to θ and z over their corresponding intervals, and then apply the expressions for A ml and E ml in the resulting equation. (iii) Substitute the expressions for ϕ 2 and ϕ 3 in equation (5.17) , multiply the resulting equation byf (1) n (θ )u p (z)/h, integrate with respect to θ and z over their corresponding intervals, and then insert the expressions for B ml , C ml and D ml in the resulting equation.
After the coefficients of Λ np , σ np and ξ np are obtained, the auxiliary functions (Ũ 1 ,Ũ 2 andŨ 3 ) and the coefficients in the radiation potentials (A ml through E ml ), and the dimensionless radiation conductance and susceptance (B andC) given below can be calculated as
Optimum extraction efficiency
Referring to the expression for the dimensionless capture length kL (i.e. equation (3.9) ), the parameters χ and κ can be optimized to maximize the extraction efficiency. 
which gives the following relationships for a given wave condition:
κ =C and χ =B.
2)
The maximum extraction efficiency under these conditions is
which has been derived by Evans [6] and Lovas et al. [11] . In practice, once an OWC device is built, it is difficult to vary its dimensions (i.e. κ). As did in Martins-Rivas & Mei [9, 10] , we will fine-tune the PTO system (i.e. the parameter χ ) to maximize the extraction efficiency for given dimensions of an OWC converter; this may be achieved in practice by using part of electricity generated to dynamically fine-tune the PTO system. Therefore, we differentiate equation (3.9) only with respect to χ to obtain the following condition for the maximum extraction efficiency:
After using equation (6.4) in equation (3.9), the following optimum capture length is obtained:
(6.5)
Results and discussion
Effects of the size and submergence of the OWC chamber, the angle and length of the V-shaped channel, and the direction of incident waves on optimum capture length are examined here. For illustration and without loss of generality, unless otherwise specified, we shall take h = 10 m, ρ/ρ 0 a = 1000, c a = 340 m s −1 , g = 9.81 m s −2 and γ = π/20 for all numerical results presented in this section. Our numerical experiments showed that the speed of convergence in numerical computations was slower for smaller values of γ . The value of γ used in this study has also been suggested by Chang et al. [18] .
(a) Convergence test
In addition to the two summations ∞ n=0 and ∞ p=0 (i.e. summations in the θ (azimuthal) and z (vertical) directions, respectively, for the auxiliary functions in the scattering and radiation problems), the following two infinite summations also need to be truncated to finite summations: which are summations in the θ (azimuthal) and z (vertical) directions, respectively, for the velocity potentials in the scattering and radiation problems. For the sake of numerical computations, these two infinite summations are truncated to two sums of finite terms, say M and L , respectively. We shall first perform convergence tests to determine suitable values of M, L , N and P for our problem. Following Garrett [24] and Deng et al. [12] , we shall use L = 400 in our computations for both the scattering and radiation problems to achieve a precision of three decimal places. The remaining task is to determine suitable values of M, P and N. , Table 1 shows the results of the convergence tests for |Γ | 2 ,B andC against M under the following condition:
55. It can be seen that at least two-digit precision can be achieved with M = 55. Therefore, M = 55 will be taken to solve both the scattering and radiation problems. Tables 2 and 3 show the results of the convergence tests for |Γ | 2 ,B andC against P and N under the following condition: a/h = Note that the speed of the convergence in the θ -direction slows down when the length of the V-shaped channel b/h increases, whereas the speed of the convergence in the z-direction increases. It can be seen that a precision of at least two decimal places can be achieved when P = 14 and N = 12, which is sufficient for this study. Therefore, we shall use P = 14 and N = 12 to study both the scattering and radiation problems. (a) 15 Deng et al. [12] present method present results 12 
(b) Code verification
The numerical code has been checked with two limiting cases: Deng et al. [12] and Lovas et al. [11] .
By setting the length of the V-shaped channel to a very small value, say b/a = 0.05, the present case for β = 3π/8 is reduced approximately to the problem studied by Deng et al. [12] for an opening angle of π . Figure 2 shows that the results of the present limiting case agree well with those reported in Deng et al. [12] for a/h = 1 2 , d/h = 0.2, b/a = 0.05, β = 3π/8, α = 0. A separate code was also written using the method employed in this study to re-examine the problem reported in Deng et al. [12] (i.e. b = 0 and γ = 0), and the results are also shown in figure 2 as the dashed lines. It is concluded that the minor differences between the results reported in Deng et al. [12] and those for the limiting cases are due to the small perturbation of the non-zero values of b and γ .
By setting the length of the V-shaped channel to a very large value, say b/λ = 15 (λ is the wavelength), the present case is reduced approximately to a problem of an OWC installed at a convex corner (v = 3 2 ), which was studied by Lovas et al. [11] . Figure 3 shows that the present results also agree well with those reported in Lovas et al. [11] for a/h = 
(c) Effects of the length of the V-shaped channel
The existence of the V-shaped channel can facilitate the incoming waves to focus their energy at the OWC. We shall first examine here the effects of the length of the V-shaped channel b/a on the hydrodynamic parameters and the optimum capture length kL for a fixed OWC with a size a/h = 0.2, a draft d/h = 0.2, a single incidence angle α = 0, and two angles of the V-shaped channel: 2β = π/2, 3π/4. The peaks of both |Γ | 2 andB correspond to the natural modes in a closed cylinder [11] . Each curve has two peaks within the frequency range shown in these figures, and it is the first peak that is of engineering interest. As b/h changes from 0.01 to 1, the first peaks ofB,C and |Γ | 2 all shift slightly towards lower frequencies and reduce in magnitude. When b/h changes from 1 to 1.5, the first peaks of both |Γ | 2 andB shift towards higher frequencies, whereas the first peak ofC shifts towards a lower frequency. Figure 6 shows the effects of b/h on the optimum turbine parameter χ opt and the corresponding capture length kL opt . As b/h increases, the first peak of kL opt becomes higher and wider, i.e. more wave energy can be captured within a wider range of frequencies.
As the second example for the effects of b/h, we take β = 3π/8 and keep the other parameters the same as those in figures 4a and 6. The effects of b/h on the diffraction flux factor |Γ | 2 , the optimum turbine parameter χ opt and the corresponding capture length kL opt are shown in figures 4b and 7, respectively. As b/h increases from 0.01 to 1, the first peak of kL opt becomes higher and the bandwidth of frequency over which the OWC can operate at higher efficiencies widens, i.e. more wave energy can be extracted by the WEC. However, as b/h changes from 1 to 1.5, the first peak becomes lower and the bandwidth of frequency over which the OWC can operate with high efficiency becomes slightly narrower. figure 8b , and the effects of β on the variation of radiation conductanceB and radiation susceptanceC against ω 2 h/g are shown in figure 9 . |Γ | 2 ,B andC all have multiple peaks. As β increases, the first peak of |Γ | 2 shifts towards a higher frequency; the peak magnitude increases when β changes from π/4 to 3π/8 but decreases when β changes from 3π/8 to 3π/4. The first peaks of bothB andC shift towards higher frequencies and increase in magnitude as β increases. When β = π , both the coaxial tube-sector-shaped structure and the V-shaped channel disappear. The theoretical maximum capture length for the case of β = π is kL max = 1 [6, 9] . Compared with the case of β → π , the Vshaped channel together with the co-axial tube-sector-shaped structure can increase the extraction efficiency by about five to six times when β is in the range of [π/4, 3π /8] . Figure 10 shows the effects of β on the optimum turbine parameter χ opt and the corresponding capture length kL opt for a longer V-shaped channel of b/h = 1.5. It can be seen that, as β increases, the highest peak of kL opt becomes lower and the bandwidth of frequency over which the WEC can operate at relatively high efficiency becomes narrower as well. Theoretically, our results suggest that β = π/4 and 3π/8 may yield a reasonable energy conversion efficiency. In practice, it is costly to construct long V-shaped channels; therefore, a compromise between conversion efficiency and construction cost needs to be made when designing such WECs.
(e) Effects of the oscillating water column size Now let us examine the effects of the OWC size (a/h) on the hydrodynamic parameters and the optimum extraction efficiency under the condition of a constant draft d/h = 0.2, a fixed length of the V-shaped channel b/h = 1.5, and a single incidence angle α = 0. The OWC size parameter κ, calculated by using equation (3.10) , is shown in figure 11 for reference.
Let us take β = π/4 as an example. As shown in figure 11b , the dependence of the diffraction flux factor |Γ | 2 on ω 2 h/g is presented for four column radii: a/h = , multiple peaks exist. These peaks are associated with the natural modes in a hollow cylinder [24] . As the OWC size (a/h) increases, the highest peak shifts towards a lower frequency and increases its magnitude. Note also that the peak value of |Γ | 2 at the fundamental resonance frequency can be greatly reduced by using a smaller column radius (a/h). As d/h increases, the highest peak also shifts towards a lower frequency and increases its magnitude slightly. Figure 12 shows the effects of a/h on radiation conductanceB and radiation susceptanceC against ω 2 h/g. It can be seen that the frequencies of the peaks of radiation conductanceB appear to coincide with those of the diffraction flux factor |Γ | 2 . We remark that only the first peak, corresponding to the resonant heave motion of the OWC, is important for designing an OWC converter. When the frequency of the wave motion is the same as the natural frequency of the OWC, a resonant interaction occurs. The natural frequency decreases with increasing the height of the water column [2] . We also remark that the radiation susceptanceC is negative in a certain range of ω 2 h/g, which is the common feature present in OWC converters [6, 9, 12] . As a/h increases, the highest peaks for bothB andC become sharper and shift towards lower frequencies. Figure 13 shows the effects of a/h on the optimum turbine parameter χ opt and the resulting capture length kL opt for β = π/4. The optimum capture length kL opt can only be greater than 4.5 in a frequency range of 1.25 < ω 2 h/g < 2.75 for a/h = 1 2 ; however, it can be greater than 4.5 in a much wider frequency range of 2 < ω 2 h/g < 5.2 for a/h = 1 5 , which is a desired feature for spectral waves. For a water depth of 9.8 m, the range of 2 < ω 2 h/g < 5.2 corresponds to 2.78 s < waveperiod < 4.48 s; the range of 1.25 < ω 2 h/g < 2.75 corresponds to 3.82 s < waveperiod < 5.67 s. Therefore, the diameter of the OWC chamber should be designed according to the dominant period of coastal waves, and a larger OWC chamber is needed for longer waves. Figure 14 shows another example of the effects of geometric parameters, where we have taken β = 3π/8 and kept other parameters the same as those in figure 13 . Compared with the case of β = π/4, the optimum capture length kL opt for this design can be greater than 4.5 only in a narrow frequency range of 2.2 < ω 2 h/g < 2.5 for a/h = Both frequency ranges are narrower than those for β = π/4, partly because of the reduced wave reflection by the coaxial tube-sector-shaped structure for a larger β. Therefore, a relatively large value of β is suitable only for a specific frequency or narrow-banded waves.
(f) Effects of the oscillating water column chamber draft For β = π/4 (i.e. the opening angle of the V-shaped channel is π/2), the effects of d/h on the radiation conductance coefficientB and the radiation susceptance coefficientC are shown in figure 16 . Again, the resonant interaction between the incident waves and the OWC occurs when the frequency of the wave motion is the same as that of the OWC. For an OWC device with the same submergence, the resonance frequency of the OWC only depends on its radiation susceptance [2] . Figure 17 shows the effects of d/h on the optimum turbine parameter χ opt and the resulting capture length kL opt . Reducing d/h can shift the highest peak to a higher frequency and also widen the frequency range over which the OWC can operate at higher efficiencies.
As another example, we take β = 3π/8 and keep the other parameters the same as those in figure 17 . The effects of d/h on the optimum χ opt and the resulting capture length are described in figure 18 . It can be seen that the optimum capture length kL opt is larger than 4 within the frequency range of 1.2 < ω 2 h/g < 2.7 for d/h = 0.2, but within a much narrower frequency range of 2 < ω 2 h/g < 2.5 for d/h = 0.5. Therefore, for 0.2 < d/h < 0.5 with β = 3π/8, the frequency ranges over which the OWC operates at higher efficiencies are all narrower than those for β = π/4.
(g) Effects of the incident wave direction
Because the dominant direction of coastal waves varies seasonally, we have also investigated the variation of the optimal extraction efficiency with incident wave angle. As expected, the OWC converter has the optimal performance when the incident waves propagate along the line of symmetry.
(h) Comments on the effects of air compressibility
If the PTO model does not consider the air compressibility inside the air chamber, the mass flux of the air through a linear turbine can be written as [7, 20] which amounts to setting V 0 = 0 in equation (3.4) . Applying the expression of q in equation (3.5), after using the expressions of q S and q R (i.e. equations (3.6) and (3.7)), the complex air pressure inside the chamber can be expressed by Inserting equation (7.4) into equation (3.9), after using the dimensionless quantities in equation (3.11) , the normalized capture length kL (excluding air compressibility) can be obtained by
Note that, different from the capture length in equation (3.9) , the capture length given by equation (7.5) involves only the turbine parameter χ . Therefore, there is only one strategy to optimize the OWC device for the optimum extraction efficiency, i.e. fine-tuning the turbine parameter. Mathematically, after differentiating the capture length kL in equation (7.5) with respect to χ and setting the resulting equation to zero, the optimum turbine parameterχ opt for the case excluding air compressibility can be obtained bŷ χ opt = B2 +C 2 .
(7.6)
Inserting the above equation into equation (7.5) Note that the above expressions ofχ opt and kL max are similar to those derived by Evans & Porter (see [8] , eqns (24) and (25)). In addition, after setting κ = 0 (i.e. neglecting air compressibility), the expressions of χ opt and kL opt in equations (6.4) and (6.5), respectively, can be reduced to those in equations (7.6) and (7.7).
Referring to the expression of κ in equation (3.10), the coefficient κ, which represents the air compressibility, depends on the pneumatic chamber height or volume V 0 , which is fixed for a given OWC device. The effects of air compressibility on the optimum capture length kL opt are shown in figure 19 for a/h = .3), respectively. The case ignoring the air compressibility (i.e. κ = 0), which is modelled by setting the chamber volume V 0 to zero, is described in figure 19a . Recall that the maximum capture length occurs when κ is equal tõ C; namely, the intersections of the curves κ andC against ω 2 h/g, a phenomenon that has been shown in figure 19 . In addition, as V 0 increases, more than one intersection point may be obtained, implying that, over the computed range of ω 2 h/g, more than one local maximum capture length may be obtained and a wider frequency bandwidth of high conversion efficiency may be achieved for a given device. However, if the chamber volume equals or exceeds a critical value, it is possible that no intersection point can be found over the computed range of ω 2 h/g, and the frequency bandwidth of high conversion efficiency becomes narrower. A similar feature can also be found in Martins-Rivas & Mei [9] and Lovas et al. [11] . We remark that the sudden sharp variation in the capture length towards the high-frequency end is because of the occurrence of sloshing mode [8] .
(i) More on maximum capture length Here, we compare the maximum capture lengths kL max of the present device with those of another two OWC devices: a bottom-mounted OWC device with an opening at the bottom (i.e. b/h = 0 in the present problem), which has been studied by Deng et al. [12] , and a fully truncated and fixed offshore OWC device (i.e. b/h = 0 and β = π in the present problem), which has been studied by Evans & Porter [8] . The comparison is made under the following conditions: a fixed draft d/h = Figure 20 shows that, under the same radius of column and draft, the device performs much better with a V-shaped channel than without. It can be theoretically proved that the dimensionless maximum capture length for a fully truncated circular OWC device is unity (i.e. kL max = 1) over the entire wave spectrum [6, 9] (apart from the sloshing mode). In terms of capture length, the OWC-type device with a V-shaped channel is about five to six times more efficient than the one studied by Evans & Porter [8] (see also [10, 11] ), and about two to three times more efficient than the one studied by Deng et al. [12] .
We remark here that the pneumatic efficiency predicted by potential theory does not consider the viscous effects, especially the effects of the vortex shedding at wall tips. It is known that rounding of a wall tip can reduce the energy loss associated with the vortex shedding. Numerical simulations of the problem using CFD techniques may face challenges of dealing with thin walls, a requirement of extremely fine grids at the wall tips, and possible numerical stability issues. It is desirable to have small-and large-scale model tests that are conducted in wave flumes to assess the effects of vortex shedding at the wall tips on the energy conversion efficiency.
